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ABSTRACT 

Cen t ra l  t o  t h e  success o f  t h e  GPS program i s  t h e  a b i l i t y  t o  
model t h e  f requency s t a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  i t s  va r i ous  
components. A p e r s i s t e n t  cha l  1  enge i n  e v a l u a t i n g  t h e  Global  
P o s i t i o n i n g  System i s  t h e  sepa ra t i on  o f  t h e  e r r o r s  o f  t h e  s a t e l -  
1  i t e  c l ocks  f rom those due t o  t h e  s a t e l l i t e  ephemeris e r r o r s  
and/or t h e  s i g n a l  p ropaga t ion  de lay  e r r o r s .  Th i s  i n f o r m a t i o n  i s  
impo r tan t  when one t r i e s  t o  improve t h e  performance o f  t h e  
Global  P o s i t i o n i n g  System. I t  i s  necessary t o  know i f  a p a r t i -  
c u l a r  component o f  t h e  system meets s p e c i f i c a t i o n  and which 
component(s) l i m i t s  performance. 

A l though one cannot separate  t h e  e r r o r s  themselves, a method has 
been developed whereby t h e  " A l l a n  va r iances"  o f  c r i t i c a l  compon- 
en t s  t o  t h e  GPS can be separated. Us ing a  r e fe rence  c l o c k  such 
as UTC(NBS) o r  UTC(USNO), f o r  example, t h e  f r a c t i o n a l  f requency 
s t a b i l i t y  o f  each o f  t h e  f o l l o w i n g  can be separated f rom each o f  
t he  o thers :  t h e  reference c l o c k ,  t h e  space v e h i c l e  c l o c k ,  t h e  
GPS c l o c k ,  t h e  c l o c k  up load c o r r e c t i o n ,  t h e  ephemeris and t h e  
p ropaga t i on  de lay .  Th i s  techn ique  has t h e  p o t e n t i a l  t o  s i g n i f i -  
c a n t l y  a s s i s t  i n  p r o p e r l y  s e t t i n g  t h e  parameters t o  o b t a i n  
optimum performance from t h e  Global  P o s i t i o n i n g  System e.g. 
s e t t i n g  t h e  Kalman f i l t e r  parameters.  Resu l t s  w i l l  be g i ven  
showing some i n t e r e s t i n g  s u r p r i s e s  i n  t h e  c h a r a c t e r i s t i c s  o f  t h e  
sys tern. 

INTRODUCTION 

Du r i ng  t h e  t e s t i n g  o f  t h e  GPS i t  has become e v i d e n t  t h a t  an independent 
method f o r  t h e  c h a r a c t e r i z a t i o n  o f  t h e  observables o f  t h e  system would be an 
impo r tan t  supplement t o  t h e  Kalman es t imates .  Such a method would a l l o w  one to 
d i  agnose problems, make improvements, and p r e d i c t  system performance f o r  
v a r i a t i o n  i n  t h e  system's  environment.  Th i s  i s  n o t  an easy t a s k  i n  some 
cases. For example, an independent method f o r  t h e  sepa ra t i on  o f  t h e  t ime  
e r r o r s  o f  t h e  c l ocks  f rom those due t o  t h e  ephemeris v a r i a t i o n s  and propaga- 
t i o n  de lays has been d e s i r e d  f o r  some t ime.  Because o f  t h e  n a t u r a l  c o r r e l a t i o n  
between these e r r o r  sources, d i f f e r e n c e s  o f  o p i n i o n  have o f t e n  a r i s e n  as t o  
t h e  source o f  some e r r o r s  t h a t  have been observed. 

Under a  reasonable s e t  o f  assumptions, NBS has developed a  method whereby t h e  
A l l a n  va r iances  o f  impo r tan t  GPS observables can be separated. Us ing a  r e f e r -  
ence c l o c k  such as UTC(NBS) o r  UTC(USNO), f o r  example, t h e  f r a c t i o n a l  s t a b i l -  
i t y  o f  each o f  t h e  f o l l o w i n g  can be separated f rom each o f  t h e  o the r :  



t h e  reference c l o c k  
the  space veh ic le  c lock  
t h e  GPS c lock  
the  c lock  upload c o r r e c t i o n  
the  ephermeris and t h e  propagat ion delay 

This technique has the  p o t e n t i a l  t o  s i g n i f i c a n t l y  a s s i s t  i n  p rope r l y  s e t t i n g  
t h e  GPS Kalman f i l t e r  parameters. Also, t h i s  technique should be useful  t o  
users who want t o  study t h e  s t a b i l i t y  o f  t h e i r  c locks,  s ince the  u s e r ' s  r e f e r -  
ence i s  one o f  t he  components separated. 

GENERAL CONSIDERATIONS 

Th is  separat ion o f  var iances i s  performed us ing  the  f o l  1  owing general approach. 
When cons ider ing  any t ime se r ies  i t  i s  convenient t o  d i v i d e  t h e  elements i n t o  
two p a r t s ,  i - e . ,  t h e  d e t e r m i n i s t i c  p a r t  and the  random p a r t  which i s  descr ibed 
by s tochas t i c  measures such as spec t ra l  d e n s i t i e s  o r  A l l a n  variances. F i r s t  
the  random elements are separated f r o m  the d e t e r m i n i s t i c  ones. I f  the  d r i v i n g  
fo rces  t h a t  cause t h e  random pe r tu rba t i ons  are  independent, then the  variances 
o f  these i n d i v i d u a l  components can a l so  be separated. An example i s  t he  
separa t ion  o f  t he  sum o f  t h e  ephmeris e r r o r s  and propagat ion delay v a r i a t i o n s  
from t h e  c lock  upload c o r r e c t i o n  e r ro rs .  I n  sho r t  term these appear t o  be 
c o r r e l a t e d  b u t  i n  l ong  term they decor re la te  and hence t h e  variances o f  these 
can be separated. [ l ]  I f  d i f f e r e n t  space veh ic les  are observed w i t h i n  a reason- 
ab le  p e r i o d  o f  t ime,  main ly  w i t h i n  a few hours o f  each o ther ,  then the  c lock  
i n  each o f  the  s a t e l l i t e s  prov ides an independent reference having random 
uncor re la ted  e r r o r s  w i t h  the  c locks i n  o ther  s a t e l l i t e s  and w i t h  the  ground 
c lock .  Using th ree  independent s a t e l l i t e s  a l lows one t o  c a l c u l a t e  variances 
f o r  each i n d i v i d u a l  component among t h e  three.  F i n a l l y ,  the  c l o c k  c o r r e c t i o n  
e r r o r  i s  independent o f  t he  t ime o f  t he  space veh ic le  c lock ,  thus p r o v i d i n g  a  
t o o l  f o r  the  separat ion o f  t he  var iance o f  the e r r o r s  i n  t h a t  c~mponent o f  t h e  
system. This approach and these assumptions w i l l  be expla ined f u r t h e r  as t h e  
method i s  developed i n  d e t a i  1. 

Suppose t h a t  we have th ree  independent t ime se r ies  -- denoted by subscr ip ts  
i , j , and k. Since a1 1  measurements are  made i n  p a i r s  on 9 cae use thqse p a i r s  
o f  measurements t o  est imate the  i n d i v i d u a l  var iances (a o. ,  a d  o o f  t he  i y 2 k?? t ime se r ies  from the  variances o f  t he  p a i r s  o f  measurement!! (oi j, oi , and 
a  ) The var iance o f  each t ime se r ies  i s  est imated as fo l l ows  

j k  

and one permutes the  i, j, and k  t o  ob ta in  0.' and o  2. A problem which 
sometimes a r i s e s  w i t h  t h i s  technique i s  t h a t  tde  estimaked variances are nega- 
t i v e .  This  may occur when the re  are  too  1  i t t l e  data o r  t he re  are apparent 
c o r r e l a t i o n s .  The longer the  data l eng th  the  b e t t e r  the  s t a t i s t i c a l  conf idence 
on the  est imates. For t he  GPS case one can use 3 independent s a t e l l i t e s  t o  
est imate observables f o r  each o f  t h e  s a t e l  1 i t e s  i n  quest ion. 



DERIVATION FOR GPS 

Next  we w i  11 desc r i be  t h e  i n d i v i d u a l  independent e r r o r  sources a r i s i n g  i n  a  
g i v e n  GPS t ime  t r a n s f e r  measurement. We w i l l  d e f i n e  some terms as f o l l o w s :  
L e t  x be t h e  t ime  d e v i a t i o n  f o r  a p a r t i c u l a r  no i se  source i n  t h e  GPS. We w i l l  
s u b s c r i p t  t h e  x depending upon t h e  p a r t i c u l a r  source be ing  s tud ied .  

R E F . .  . as t h e  r e fe rence  c l o c k  such as t h e  NBS c l ock .  
GPS' . . . t h e  rece i ved  es t ima te  o f  t h e  t ime  f rom t h e  GPS r e c e i v e r .  
GPS . . . t i m e  as generated by t h e  GPS master c l ock .  
PE . . . t h e  combinat ion o f  t h e  p ropaga t i on  t ime  e r r o r  and t h e  sate1 1  i t e  

ephemeris e r r o r .  
CL' . . . t h e  e r r o r  i n  t h e  space v e h i c l e  c l o c k  c o r r e c t i o n .  
SV1 . . . t h e  t ime  o f  t h e  space v e h i c l e  c l o c k  as r ece i ved  by t h e  GPS r e c e i v e r  
SV . . . t h e  t r u e  SV t i m e  as aenerated w i t h i n  t h e  snace v e h i c l e .  

I Our g o a l ,  o f  course, i s  t o  have an es t ima te  o f  t h e  t r u e  va r iance  o f  each one 
o f  t h e  components i n  ques t i on .  

I X - - 
REF-GPS; 'REF - x P E ~  
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C L; - X 
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I X = X - X REF-SV; REF PEi - X ~ ~ i  (33 

I f  equa t i on  (2)  i s  sub t rac ted  f rom equa t i on  (3 )  one o b t a i n s  c a n c e l l a t i o n  of 
t h e  p ropaga t i on  p l  us ephemeri s  e r r o r .  

Assuming t h a t  t h e  re fe rence  c l o c k  t ime  d e v i a t i o n  e r r o r  i s  smal l  f rom one 
s a t e l l i t e  measurement t o  t h e  nex t ,  which i s  a  good assumption f o r  h i g h  q u a l i t y  
r e fe rences  w i t h  e r r o r s  o f  t h e  o rde r  o f  one nanosecond , one can s u b t r a c t  t h e  
measurements o f  s a t e l l i t e  i from those of s a t e l l i t e  j r e s u l t i n g  i n  t h e  f o l l o w -  
i n g  2 equa t ions :  

- 
'REF-GPS! - 'PE f X 

1 j i j 
CL! . 

1 J  

X 
REF-SV! . 

= X PEi + X~~ * ( 6 )  
1 J i j 

I where t h e  i j s u b s c r i p t s  on t h e  r i g h t  o f  equa t ion  ( 5 )  and (6)  denote t h e  d i f f e r -  
ences ( j- i) i n  t h e  measurement o f  those two components. Equat ions (53 and (6 )  

I can, o f  course, be w r i t t e n  f o r  s a t e l l i t e s  i and k and f o r  j and k as w e l l .  
Equat ions 2 th rough  6 comprise our  measurement bas i s .  S ince ( i n  l o n g  term) 
each o f  t h e  components i n  these equa t ions  a re  u n c o r r e l a t e d  we may t ake  v a r i -  
ances o f  each o f  these equa t ions  and t h e  c ross  terms will average t o  ze ro  



g i v i n g  t h e  fo l l ow ing  5 equations: 

(J 
2 .... 2 

+ u 2 
REF-SV! . - 

1 J  
SV, 

And again we can w r i t e  equat ions (7), (8), and (9) f o r  s a t e l l i t e s  j and k as 
we1 1 ,  and equation (lo), (ll), f o r  sate1 1 i t e  p a i r s  i k, and j k  as we1 1 .  I n  
a d d i t i o n  we can use equat ion (1) t o  est imate the  variances f o r  i, j, and k 
separa te ly  from ( l o ) ,  and (11) respec t i ve l y :  

and s i m i l a r l y  f o r  j and k. I n  m a t r i x  f o rmu la t i on  we have t h e  f o l l o w i n g  repre-  
s e n t a t i v e  s e t  o f  equat ions r e s u l t i n g  from the  est imates o r  measures f o r  each 
o f  t he  th ree  sate1 1 i tes  i , j and k: 



If t h e  m a t r i x  i s  i n v e r t e d  we may then  w r i t e  t h e  f i n a l  equa t ion  f o r  t h e  va r i an -  
ces o f  t h e  i n d i v i d u a l  components o f  t h e  GPS system. Global  va r iances  a re  
ob ta i ned  th rough  each o f  t h r e e  space veh i c l es .  Var iances p e r t a i n i n g  t o  an 
i n d i v i d u a l  space v e h i c l e  a re  ob ta i ned  th rough  t h a t  space v e h i c l e .  

1 0 0 - 1  

(15) 

4 - 1 

- - 0 

A l t e r n a t i v e l y ,  one can w r i t e  o u t  t h e  sepa ra t i on  o f  var iances i n  equa t ion  form 
f o r  each o f  t h e  i , j ,  and k sate1 1 i t e s  --  here w r i t t e n  s p e c i f i c a l l y  f o r  i: 
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The s u b s c r i p t  i on REF and on GPS, c l o c k s  which a re  t o t a l l y  independent o f  t h e  
s a t e l l i t e s  i ,  j ,  and k ,  denotes an es t ima te  o f  t h a t  c l o c k ' s  s t a b i l i t y  ca lcu -  
l a t e d  v i a  t h a t  p a r t i c u l a r  s a t e l  1 i t e .  As a  f i n a l  answer one c o u l d  t ake  a 
s imp lq  a v e r y e  o r  a rno e  s o p h i s t i c a t e d  ? t a t i s  i c a l  (e.g.  weighted) average o f  5 

and a , and o f  t h e  aGPS , h 2 
the OREF .' OREF. i REF 

1 J k 
'GPS , and OGPS . 

i 2 k 
The A1 l a n  va r iance  f u l f i l  1s t h e  c r i t e r i o n  t h a t  he va r iance  used be a w e l l  
behaved s t a b l e  measure o f  t h e  t ime  s e r i e s  i n  ques t ion .  I n  f a c t  one can do t h e  
A l l a n  va r iance  a n a l y s i s  f o r  d i f f e r e n t  sample t imes as w e l l ,  which a l l ows  one 
t o  c h a r a c t e r i z e  a  process. The o n l y  c r i t e r i o n  on t h e  sample t ime  i s  t h a t  i t  
be s u f f i c i e n t l y  l o n g  so t h a t  t h e  processes under c o n s i d e r a t i o n  a re  uncor-  
r e l a t e d ,  i n d i c a t i o n s  a re  t h a t  t h i s  i s  o f  t h e  o rde r  o f  one day and l onge r .  



AN EXAMPLE 

T h i s  t h e o r e t i c a l  approach was a p p l i e d  t o  da ta  taken  a t  NBS from June 25th,  
1983 t o  October 1, 1983. The r e s u l t  was an a n a l y s i s  o f  t h e  s t a b i l i t y  o f  t h e  
GPS and space v e h i c l e  c l ocks ,  as w e l l  as o f  t h e  c l o c k  c o r r e c t i o n s  and propaga- 
t i o n  no i se  p l u s  ephermeris es t imates .  

The s t a b i l i t y  a n a l y s i s  was per formed on d a t a  on f i l e  i n  t h e  NBS t ime  sca le  
computer. Each f i l e  e n t r y  i s  c h a r a c t e r i z e d  by t h e  MJD on which t h e  d a t a  was 
taken,  t h e  hour,  minute and second on which t h e  s a t e l l i t e  pass was s t a r t e d ,  
t h e  r e c e i v e r  number used t o  r e c e i v e  t h e  da ta ,  t h e  space v e h i c l e  i nvo l ved ,  t h e  
c l a s s  b y t e  employed, t h e  l e n g t h  of t h e  da ta ,  t h e  age o f  t h e  da ta ,  t h e  e l e v a t i o n  
and az imuth o f  t h e  s a t e l l i t e ,  t h e  i onosphe r i c  de lay ,  t h e  r e f e r e n c e  minus space 
v e h i c l e  (SV) t ime  t o  a  t e n t h  o f  a  nanosecond r e s o l u t i o n  and i t s  accompanying 
s lope  f rom a  l i n e a r  l e a s t  squares f i t  t o  t h e  p a r t i c u l a r  da ta  pass, t h e  r e f e r -  
ence minus GPS t i m e  t o  a t e n t h  o f  a  nanosecond r e s o l u t i o n  and i t s  s i m i l a r  
accompanying s lope  f rom a  1  i n e a r  l e a s t  squares f i t ,  and t h e  rms f i t  o f  t h e  
1  i n e a r  l e a s t  squares t o  t h a t  da ta  s e t .  I n  a d d i t i o n ,  f o r  t h e  NBS data,  t h e  
t i m e  o f  t h e  r e fe rence  minus UTC(NBS) i s  recorded. F i n a l l y  t h e r e  i s  a  column 
f o r  any o f f s e t s  which may be due t o  d i s c o n t i n u i t i e s  f rom a  known e f f e c t  i n  a  
r e c e i v e r  o r  i d i osync rasy  i n  t h e  system. The NBS re fe rence  c l o c k  i s  t y p i c a l l y  
w i t h i n  a few nanoseconds o f  UTC(NBS). 

The most r e c e n t  da ta  were analyzed t o  g i v e  a c u r r e n t  es t ima te  o f  t h e  s t a b i l i t y  
o f  t h e  c l ocks  i n  t h e  GPS. The p e r i o d  covered was f rom MJD 45510 t o  45608, 
wh ich  i s  t h e  25 th  o f  June 1983 th roughou t  t h e  1 s t  o f  October 1983. The da ta  
a r e  taken  on a  s i d e r e a l  day bas i s ;  i . e . ,  t h e  r e c e i v e r s  a u t o m a t i c a l l y  s u b t r a c t  
4  minutes a  day t o  nom ina l l y  m a i n t a i n  t h e  same v i ew ing  ang le  t o  t h e  SV. On 
t h e  3 0 t h  o f  September 1983 the  s t a r t s  o f  each t r a c k  t i m e  were 1802 UT, 1855 
UT, 2050 UT, 2228 UT f o r  SV-8, -6, and -9 and -5  r e s p e c t i v e l y .  The t r a c k  
l e n g t h s  were each 780 seconds. The average age o f  da ta  over  t h e  a n a l y s i s  
p e r i o d  was nom ina l l y  2 t o  4 hours and t h e  e l e v a t i o n  ang le  i n  a1 1 cases was 
above 52 degrees. 

A l l  o f  t h e  t ime  d i f f e r e n c e  p l o t s  have nanoseconds as t h e i r  o r d i n a t e  u n i t s  and 
t h e  absc issas a re  i n  MJDs. F i gu re  1 i s  a  p l o t  o f  UTC(USN0-MC) minus t h e  t i m e  
o f  t h e  GPS s tee red  c l o c k  sometimes c a l l e d  t h e  GPS so f tware  c l o c k .  I n  s h o r t  
t e rm  t h i s  c l o c k  behaves 1  i ke t h e  cesium a t  Vandenburg o r  A laska and i n  l o n g  
t e rm  i t shou ld  r e f l e c t  t h e  s t a b i l i t y  o f  UTC(USN0-MC) as t h e  so f twa re  c l o c k  i s  
s t ee red  t o  UTC(USN0-MC). Only  SV-8 da ta  were used because o f  some problems i n  
t h e  o t h e r  space v e h i c l e  da ta  s e t s  i n  t h e  USNO f i l e  s t o r e d  i n  t h e  NBS t ime  
s c a l e  computer. One sees a f a i r l y  s i g n i f i c a n t  f requency s tep  around MJD 45591 
and t h e  t ime  a t  t h e  end a f  September has depar ted  more than  one microsecond 
f rom UTC(USN0). 

F i g u r e  2 i s  t h e  average ob ta i ned  by  SV-5, -6, -8 and -9 o f  t h e  NBS re fe rence  
(Clock 9) minus GPS s tee red  c l ock .  C lock 9 i s  kep t  w i t h i n  a  few nanoseconds 
o f  UTC(NBS). One sees ve ry  s i m i l a r  performance between f i g u r e s  1 and 2 i n d i -  
c a t i n g  t h a t  t h e  main e f f e c t  i s  t h a t  of t h e  GPS c l ock .  The da ta  i n  F i gu re  2 
a r e  smoother s imp ly  because o f  t h e  average across a d d i t i o n a l  s a t e l l i t e s  and 
because o f  somewhat q u i e t e r  r e c e i v e r  data.  The agreement between t h e  4 space 
v e h i c l e s  o f  t h e  t ime  d i f f e r e n c e ,  Clock 9 minus GPS, was t y p i c a l l y  i n  t h e  range 



o f  6 t o  8 nanoseconds. 

F i g u r e  3 i s  t h e  p l o t  o f  NBS Clot$? minus Space Veh i c l e  Cesium 5 w i t h  a f r e -  
quency removed o f  1 .66  p a r t s  i n  10 , 

F i g u r e  4 i s  NBS Clock A m i n u s  t h e  SV-6 Rubidium w i t h  a mean frequency removed 
of  7.009 p a r t s  i n  10 . The frequency d r i f t  o f  t h e  r ub id i um has c l e a r l y  
changed f rom nega t i ve  t o  p o s i t i ~ e  from t h e  f i r s t  and midd le  o f  t h e  da ta  t o  t h e  
l a s t  p a r t .  

F i g u r e  5 shows t h e  NBS Clock 9 minus SV-8 w i t h  t h e  t ime  r e s e t  o c c u r r i n g  a t  MJD 
45573. The s t a b i l i t y  a n a l y s i s  below was r e p o r t e d  a f t e r  t h e  r e s e t  t o  take  
advantage o f  t h e  most r ecen t  s t a b i  1  i t y  i n fo rma t i  on. 

F i g u r e  6 i s  NBS Clock 9 minus SV-9  and shows some measurable f requency d r i f t  
i n  t h e  NAVSTAR 6 Cesium. Th i s  cou ld  be p rob lema t i c  as f requency d r i f t  i n  
c e s i  um standards i s  sometimes i n d i c a t i v e  o f  end o f  1 i f e .  

F i g u r e  7 i s  NBS Clock 9 o r  S V - 9  a f t e r  removing a mean frequency d r i f t  by us i ng  
a l i n e a r  l e a s t  s q u a r e s - f i t  and a  mean t ime  from t h e  -94-a. The mean frequency 
removed was .3858 x 1 0  . The d r i f t  was - . I 9 7  x 10 /day and t h e  mean t ime  
removed was 9498 nanoseconds. I f  a s t a b i l i t y  a n a l y s i s  i s  per formed on t he  
r e s i d u a l s  shown i n  F i gu re  7 ,  one ob ta i ns  t h e  sigma t a u  p l o t  shown i n  F i gu re  8 
which i n d i c a t e s  t h a t  t h e  f requency d r i f t  i s  we1 1  model l e d  and t h e  r e s j f u a l  
random i n s t a b i l i t i e s  a re  ve r y  sma l l - - o f  t h e  o rde r  o f  3 t o  5 p a r t s  i n  10 f o r  
sample t imes  o f  4 t o  32 days. 

The l a s t  s e t  o f  f i g u r e s  a re  0 (T) p l o t s  as es t imated  f rom t h e  sepa ra t i on  o f  
va r i ance  a n a l y s i s  technique.  #s  shown e a r l i e r  t h i s  techn ique  a1 lows one t o  
es t ima te  t h e  c o n t r i b u t i o n  o f  t h e  i n d i v i d u a l  no i se  components t o  t h e  s t a b i l i t y .  
F i g u r e  9 i s  t h e  f requency s t a b i l j 5 y  o f  t h e  GPS s teered  c l o c k  which appears t o  
be o f  t h e  o rde r  o f  1 p a r t  i n  1 0  . An i n t e r e s t i n g  phenomenon i s  observed i n  
t h e  l o n g  term, namely t h a t  t h e  n ( T )  values t end  t o  decrease which i s  i n d i c a -  
t i v e  o f  t h e  l o n g  term s t e e r i n g  Jf t h e  GPS t ime ;  t h e  t ime  cons tan t  appears t o  
be o f  t h e  o rde r  o f  a few weeks. 

F i g u r e  10 i s  a s t a b i l i t y  p l o t  o f  t h e  Space Veh i c l e  5 cesium and o f  t h e  c l o c k  
c o r r e c t i o n  e r r o r s  and o f  t h e  ephemeris p l u s  p ropaga t ion  e r r o r s .  Because t h e  
measurements were made o n l y  a  few hours a f t e r  upload, t h e  c l o c k  c o r r e c t i o n  
e r r o r s  shou ld  be approx imate ly  one- ten th  o f  those o f  t h e  space v e h i c l e  c l o c k  
e r r o r s .  I t  i s  e v i d e n t  f rom t h i s  da ta  t h a t  t h e  c l o c k  c o r r e c t i o n  e r r o r s  a re  o f  
t h e  same o rde r  as t h e  space v e h i c l e  i n s t a b i l i t i e s .  One p o s s i b l e  exp lana t i on  
o f  t h i s  i s  t h a t  t h e  Q va lue  i n  t h e  Kalman processor  a t  Vandenburg i s  s e t  so as 
t o  ass i gn  t o o  much e r r o r  t o  t h e  SV c l o c k  and n o t  enough t o  t h e  ephemeris and 
p ropaga t ion .  One a l s o  sees from t h e  same f i g u r e  t h a t  t he  ephemeris and propa- 
g a t i o n  e r r o r s  a re  c l e a r l y  we1 1  below those o f  t h e  space v e h i c l e  c l ock .  

Because o f  t h e  t h r e e  co rne r  h a t  a n a l y s i s  technique used i n  t h e  sepa ra t i on  o f  
va r iances  r o u t i n e  and because o f  f i n i t e  da ta  s e t s ,  i t  i s  p o s s i b l e  t o  have 
nega t i ve  va r iances .  A nega t i ve  va r iance  i n d i c a t e s  t h a t  t h e  no ise  l e v e l  i s  
we1 1  below t h e  o t h e r  components i n  t h e  c a l c u l a t i o n .  Given t h e  da ta  l e n g t h  
- invo lved i n  t h i s  da ta  s e t  one can a t  b e s t  r e s o l v e  sigmas t h a t  a re  about one- 



t e n t h  t h a t  o f  the  o ther  sigmas being considered i n  the  ana lys is .  I n  those 
cases where small o r  negat ive variances occurred they were s imply n o t  p l o t t e d .  
Thus the  i n t e r p r e t a t i o n  f o r  those cases where no data p o i n t s  are p l o t t e d  i s  
t h a t  t h e  s t a b i l i t y  o f  t h a t  component i s  we l l  below t h a t  o f  the  o ther  components 
f o r  those sample t imes. F igure  11 i s  a p l o t  f o r  NAVSTAR 3 (Space Veh ic le  6). 
I n  t h i s  case, t he  propagat ion and ephemeris e r r o r s  were s i g n i f i c a n t l y  below 
e i t h e r  t he  space veh ic le  s t a b i l i t y  o r  the  c lock  c o r r e c t i o n  e r ro rs .  Here again 
i t  seems t h a t  too  much e r r o r  i s  being assigned t o  the  SV c lock .  

F igure  12  i s  a s t a b i l i t y  p l o t  of Space Veh ic le  8. Here again i t  appears t h a t  
a t  T = 1 day too  much e r r o r  i s  being assigned t o  the  c lock  and no t  enough t o  
t h e  ephermeris and propagation. I n  l ong  term however, t h a t  appears no t  t o  be 
the  case and the  c lock  c o r r e c t i o n  e r r o r  f a l l s  below t h a t  o f  the  ephemeris p l u s  
propagat ion e r r o r s  as we1 1 as the  c l o c k  i n s t a b i  1 i t i e s  as i t  should. 

F igure  13 i s  a s t a b i l i t y  p l o t  o f  Space Vehic le 9. I n  t h i s  case we have the  
reverse s i t u a t i o n  where the  c lock  c o r r e c t i o n  e r r o r s  were very small and were 
n o t  p l o t t e d .  One exp lanat ion  f o r  t h i s  behavior i s  t h a t  too  much e r r o r  i s  
being assigned t o  the  ephemeris and propagat ion and n o t  enough t o  the  space 
v e h i c l e  c lock .  In l ong  term, the  space veh ic le  c lock  i n s t a b i l i t y  was s u f f i -  
c i e n t l y  below the  o ther  i n s t a b i l i t i e s  i n  t he  system t h a t  i t  was unmeasurable 
and one gets some i n d i c a t i o n  o f  i t s  performance by the  d i r e c t  measurement 
aga ins t  NBS shown e a r l  i e r  (F igure 8). 

More recen t l y ,  t he  separat ion o f  var iance ana lys is  technique was used t o  
evaluate SV#11, the  newest a d d i t i o n  t o  the  GPS c o n s t e l l a t i o n .  This  space 
v e h i c l e  i s  now opera t ing  w i t h  a rubidium-Sandard. A 1 i near l e a s t  squares f i t  
t o  the  frequency o f  SV#l1 o f  -2.65 x 10 /day frequency d r i f t  a t  about a 2% 
conf idence o f  the  est imate was removed from the  data. A f t e r  sub t rac t i ng  the 
frequency d r i f t ,  t he  variances were separated. The frequency s t a b i l i t y  o f  the  
SV# l l  rubid ium a t  t a u  equal one day and longer was found t o  be exce l l en t .  I n  
Figure 14, we show a comparison o f  t h e  frequency s t a b i l i t y  o f  S V # l l  w i t h  the  
SV#9 and 5 cesiums. One sees the  very e x c i t i n g  r e s u l t  t h a t  a t  t au  equal one 
and two days the  SV#11 rubid ium i s  comparable t o  the  SV#9 cesium. 

The software f o r  separat ion o f  var iance a t  NBS cont inues t o  undergo some 
refinements. However, t h e  r e s u l t s  t o  date are very en1 i ghteni  ng concerni ng 
the  performance o f  t h e  GPS system and prov ide  some i n s i g h t  i n t o  where one 
might  improve the  performance o f  t he  system. 

[I] Jack Henrich, 1BM Federal Systems D i v i s i o n ,  p r i v a t e  communication. 
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QUESTIONS AND ANSWEXS 

MR. PAN: 

I w a s  wondering, i n  your t h r e e  corner  hat  method, when you find in a case  
1 

l ike  t h a t  where oL equals  a negat ive  number, how of t e n  does t h i s  occur ,  
and what do you do about i t ?  

MR. WEISS : 

Tn t h a t  case we suspec t  t h a t  the c lock  t h a t  gets t h e  nega t ive  va r i ance  i s  
too  accu ra t e  t o  be measured by t h e  o the r  two c locks  i n  t h e  h a t ,  i n  t h e  
t h r e e  corners ,  t h a t  i t ' s  much more s t a b l e  than t h e  o the r  two, and so 
it becomes negat ive .  

DR. REINHARDT: 

What do you do when it  becomes negat ive?  

MR. WEISS: 

Well, you c a n ' t  p l o t  it. You say,  "Well, t h a t ' s  what t h e  c lock  is  doing." 
It simply i s  a nega t ive  vari-ance. 

DR. REINHARDT: 

But you don ' t  exclude i t  from the nega t ive  s i d e ?  

MR. WEISS: 

Well, you don ' t  throw the  clock ou t ,  i f  t ha t ' s  what you mean. 

DR. REINHARDT : 

No. Some people were a r b i t r a r i l y  s e t t i n g  nega t ive  e r r o r s  t o  ze ro ,  
zero  var iances .  

MR. WEISS: 

No. We don ' t  make i t  p o s i t i v e ,  e i t h e r .  

A VOICE: 

You j u s t  sum i t  up, t h e  negat ive  number? When you f i g u r e  out  the  o the r  
ones,  you just sum i t  up, with t h e  r e s t  of them? 

MR. WEISS: 

We assume t h a t  t h a t  number i s  i n v a l i d  and you c a n ' t  use  the  three-corner  
h a t  t o  get an accurate number. 



DR. REINHARDT: 

Oh, f o r  that clock, but you can use it for the rest of the data?  

MR. WEISS: 

Yes. 

PROFESSOR ALLEY: 

This analysis was very interesting and it reveals what some of us suspected 
or emphasized for some time, that they were assigning errors incorrectly. 
May I emphasize once more that the G.P.S. planning people give serious 
consideration to a short laser pulse calibration technique tha t  would 
unambiguously separate the ephemeris errors from the clock errors. 
Thank you very much. 




